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Charged Hard-Sphere Fluids in the 
Mean Spherical Modelt 
M. C. ABRAMO, C. CACCAMO, and G. PlZZlMENTl 
lstituto di Fisica dell ‘Universita ; Messina, Italy 

(Received December 17, I976) 

The “mean spherical model” (MSM) for an MX-type fluid of charged hard-spheres of different 
diameters has been solved numerically. The solution method is discussed in detail. The model 
allows one to examine thermodynamic and structural properties of charged hard-sphere fluids 
in a wide range of density and temperature and over the whole range of radius ratio. Internal 
energies and state equations are discussed while a broad picture of the structure is given through 
extensive results for the pair correlation function. The partial structure factors for which the 
model provides analytic expressions, are compared with available experimental and computer 
simulation data for molten sodium and potassium chloride. The agreement obtained isgenerally 
encouraging and almost quantitative when the ionic radii are chosen by fitting the experimental 
compressiblities. 

I INTRODUCTION 

Detailed information on the structure of several ionic liquids such as molten 
sodium and potassium chloride has been obtained in recent years both by 
neutron diffraction’-’ and by computer simulation  experiment^;^-^ the latter 
also report results for thermodynamic quantities of main interest. 

have proposed in the last few years the mean spherical 
model (MSM) for charged hard spheres fluids as a simple model approach 
for electrolyte solutions and ionic liquids; however, explicit solutions of the 
model have been obtained only in particular and a complete solu- 
tion has not yet been obtained for arbitrary sizes of the ionic components, 
Only recently a numerical solution of the model for this general case has 
been briefly reported (see Ref. 10, hereafter referred to as I). 

Various 

t Work performed under the auspices of the Gruppo Nazionale di Struttura della Materia 
del Consiglio Nazionale della Ricerche and of the Comitato. Regionale Ricerche Nucleari e 
Struttura della Materia. 
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I68 M. C. ABRAMO. C. CACCAMO, AND G. PIZZIMENTI 

It is the purpose of this work to give a detailed description of the route 
followed in the numerical solution of the model and report extensive results 
for thermodynamic quantities, partial structure factors and pair correlation 
functions of charged hard-spheres fluids, over the whole range of size ratios 
and over a wide range of densities and temperatures. Secondly a comparison 
is made between the MSM and the observed properties of molten alkali 
halides, for both thermodynamics and structure. 

Because of the serious approximations involved the MSM results provide 
indications of general trends rather than quantitative predictions for real 
systems?. However some features of this model deserve to be stressed; 

i) it is possible, with very simple initial assumptions, to have a broad 
overview of properties of charged hard sphere fluids and of systems that they 
could approximate; 

ii) the model results can be useful as initial input for more refined theories 
(YNC) or computer experiments; 

iii) the partial structure factors are directly related to the solution of the 
model itself and once this is known the calculation of the partial structure 
factors is a simple task. This seems of particular interest for molten alkali 
halides, where the assumption of complete ionicity of the MSM approach 
is met and comparison with neutron diffraction dataza3 is immediately 
possible. 

In Section I1 the basic equation of the model and the explicit form of the 
direct correlation functions are briefly recalled; the numerical method of 
solution is also discussed in detail. In Section I11 results are presented for 
coefficients of the model of immediate physical meaning and comparison is 
made with thermodynamic data for real systems; results for the state equa- 
tions of NaCl and KCI are also given. Finally in Section IV the dependence 
of the pair correlation functions on the model parameters is discussed, and 
the partial structure factors and correlation functions for NaCl and KCI are 
compared with experiments. 

I1 BASIC EQUATIONS AND NUMERICAL SOLUTION 

a Mean spherical model 

The Waisman and Lebowitz’ MSM results for the direct correlation func- 
tions ci,{r) for an MX-type ionic liquid are summarized as follows: 

t For improvements of the original MSM approach sec Reference 1 I and references given 
therein. 
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STRUCTURE OF CHARGED HARD-SPHERE FLUIDS 
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Here ni is the hard sphere diameter in the i-th ionic species ( i  = 1, 2 and 
a, I a2 by convention); L = 3n2 - a,) and R = gol + a2); 9, = n/6p, 
where pi is the number density of the i-th component; e, is the ionic charge; 
fi = (k ,T)- ’  and a,, a,, M ,  ,, M 2 2 ,  M 2 , ,  V, ,, V2, are a set ofseven unknown 
coefficients whose dependence on physical parameters describing the system 
such as density, temperature and ionic sizes, has to be determined. V, , and 
V22 are defined through: 

71 POD 

where, for convenience, we have introduced the notations nll = al, a12 = R ;  
their sum, 

& -  1 2 vii = E“” (4) 
i 

gives the excess internal energy or average potential energy per unit volume 
with screening effects described by dielectric constant E.  a ,  and a2 are orig- 
inally introduced through the relations: 

where 
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170 M. C. ABRAMO. C. CACCAMO. A N D  G. PIZZlMENTl 

their meaning in terms of partial molar volumes has been pointed out else- 
where.’ It should be noted that Eqs. ( 5 )  become two linear equations in the 
seven unknown coefficients upon use of Eqs. (1)-(2). 

As a consequence of the very simple form of the direct correlation functions 
in this model, the Fourier transforms ci,{q) are obtained through a simple 
integration. Restults are reported in detail in the Appendix. 

The direct correlation functions are in turn related to the partial structure 
factors Si,(q) through the Pearson-Rushbrooke12 relations: 

c 1 2(4) 
(1 - c11(q))(l - C22(d) - c:2(q) 

S,,(q) = 

The MSM thus gives in a direct manner, upon substitution of (A.l)  and (A.2) 
in (6), the partial structure factors and numerical estimate is possible once 
the solution for the coefficients is known. 

Waisman and Lebowitz7 have shown that the coefficients of the model 
are related by a set of seven quadratic equations. Of these, however, only five 
are independent because of the symmetry of the problem under the inter- 
change u l  ++ u2. The other two equations we need are given by (9, so that 
we have finally to solve a system of two linear and five quadratic equations. 

b Numerical solution 

The following dimensionless parameters have been introduced to describe 
the system: the radius ratio a = u,/a,; the total packing fraction = 

n/6p,u:( 1 + a’), where pc is the number density of ion pairs; and a parameter 
F = e 2 / ( K , T m 2 )  describing the relative strength of the Coulombic inter- 
action with respect to the average kinetic energy per particle. Calculations 
have been restricted to an MX-type liquid, where le ,  1 = le2 I = e. The known 
 solution^,^*^.' ’.I4 for neutral or charged hard-sphere systems in the MSM, 
refer to the following limits: 

a = 1, neutral one-component liquid (Wertheim 1963) 
0 I a I 1, 0: neutral hard-spheresofdifferentdiameter(Lebowitz 

1966) 
sl = 1, charged hard spheres of equal diameter (W. L. 1970) 
a = 0, charged hard spheres with a vanishingly small 

diameter for one component (GLTM 1976) 

The knowledge of these solutions has in fact been crucial to obtain the present 
numerical solution of the model for 0 I a I 1 and T 2 0. 

r = 0: 

l- 2 0: 
r 2 0: 
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STRUCTURE OF CHARGED HARD-SPHERE FLUIDS I71 

The numerical routine used was a CERN library routine’ which calcu- 
lates, from the solution corresponding to a particular set of q, r a n d  u the solu- 
tion when one or more of these parameters are charged, provided that the new 
solution is in the vicinity of the old one. Calculations were therefore performed 
by starting from a known input solution, i.e. one of the limiting cases listed 
above. In particular, starting from charged hard spheres of equal diameter 
(u = l), for some initial values of v and r ,  a was progressively decreased by 
steps of 0.001, every time taking the calculated solution as a new input. 

A CDC 7600 computer was used and the equations were satisfied with a 
precision of better than 10- lo. To check that the solutions so calculated were 
still physically meaningful, two separate conditions were imposed : 

a) at the end of the routine, when the limit u = 0 was reached, the solution 
had to coincide with the results of GLTM (1976); 

b) starting from the solution for r = 0 and fixed u (Lebowitz, 1966), and 
increasing r by small steps, cross checking, i.e. identity of solutions, was re- 
quired for equal v, r and u sets. 

The (b) criterion was ineffective for small values of a, especially for high 
packings, when a second solution was obtained. This solution violates the 
symmetry of the cross correlation functions C,, = C,,. Thus it is possible 
to discard it on physical grounds. 

The range of parameters explored was 0.2 I v I 0.385,O I r I 60 and 
0 I a -< 1. Special calculations were carried out in correspondence with 
estimated values of the parameters for NaCl and KCl. Detailed tables of the 
values of the model coefficients are collected in Ref. (22). In the following 
only coefficients with a direct physical meaning will be discussed. 

111 THERMODYNAMICS 

It is known’ that a, and a, are related to the partial molar volumes per 
particles 

through the simple relation 

where K, is the isothermal compressibility. On the other hand the following 
exact limit is obeyed by the static structure factor at q = 0:l6 

lim S,,(q) = So = p c K B  T K ,  (9) 
4+0 
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I72 M. C. ABRAMO, C. CACCAMO, A N D  G. PIZZIMENTI 

Making use of p1S1 + p2F, = pC(F1 + C2) = 1 and of (8) and (9) we obtain 

So = (a] + a2>-’ (10) 

This result could also be obtained through long-wavelength expressions for 
the S , j q )  reported elsewhere” and the use of thermodynamic relations for 
the two-component systems. * 

Equation (10) allows a direct comparison of MSM results with experi- 
mental K T  or So of real systems. A similar result holds for monoatomic 
liquids’’ in the P Y  approximation. 

In Figure 1, a ,  and a2 are plotted for three values of q and two values of 
I-, in the range 0 I a I 1. At a = 1, a,  = u2 and both quantities are inde- 
pendent of a result already known.* At sufficiently low q and a, the model 
yields u2 < 0, namely, according to (7) and (8), a reduction in the total volume 
when particles of type 2 are added to the system. Such a behaviour is clearly 
opposed by increasing temperature (decreasing r) and occupied volume 
(increasing q). This tendency of the system to compact seems a consequence 
of the Coulombic attraction between unlike particles, whose distance of 
closest approach decreases with a. 

FIGURE 1 u, and u2 vs. a at q = 0.23.7 = 0.3, 7 = 0,385. Labels on the curves are values. 
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STRUCTURE OF CHARGED HARD-SPHERE FLUIDS 173 

. '. .2 
I I I I 

0 10 20 30 LO r ! 

FIGURE 2 a, and a, vs. r at q = 0.23 and q = 0.385. Labels are a values 

In Figure 2, a ,  and a, are given vs. I-. As a result of the behaviour of the 
partial volumes illustrated in this figure. So is practically independent of r, 
particularly for a > 0.6. The values ofSo reported in Table I are representative 
of a wide range of I720 5 r 5 60). 

V, , and V,, are defined through (3), which we rewrite in a slightly modified 
form : 

vi, = 2npiei[ple, I:xgil(xMx + pze, c * g i 2 ( x ~ ]  

They give the potential energies of particles of types 1 and 2 respectively, 
in the field of all the others. V, , and V2, behave quite differently at low a, as 
shown in Figures 3 and 4. V , ,  begins to increase very steeply while V2, is 
almost flat. This different behaviour is probably related to the behaviour of 
the like-ions correlation functions at small values of a (a I 0.5), that we shall 
discuss in the following. In particular, at these radius ratios, there begins to 
appear a loss of short range order in the smaller component. 

Finally we turn to a comparison with thermodynamic properties of molten 
NaCl and KCI. MC calculations and computer simulation  experiment^^-^ 
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174 M. C. ABRAMO, C. CACCAMO, AND G .  PlZZlMENTl 

TABLE I 

So values as a function of the packing 
fraction in the range = 20 + 60 and 
lor a values typical of NaCl and KCI. 

a = 0.738 I( = 0.923 

0.23 0.085 0.083 
0.25 0.073 0.070 
0.30 0.049 0.047 
0.36 0.030 0.028 
0.385 0.024 0.023 

FIGURE 3 V, ,. V,, and E“ vs. a in e’,’cu: units q = 0.23, r = 20 unlabclled curves; q = 
0.385,tJ = 20,q = 385, r = 45. 
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n ?,.or-.- 
___--- 

0.5 

I I I I 1 I 

0 20 40 r t  
FIGURE 4 V,  ,, V,,  and E” vs. r. e’/Ea: units at q = 0.385. Labels arc a values. 

for these molten salts using the Tosi-Fumi potential” have given quite 
satisfactory results so that we have performed a first calculation assuming 
as radii for our hard-sphere model the crystalline soft-core radii of the 
ions of the Tosi-Fumi theory. In particular we have assumed uc, = 3.17 A 
and oN3 = 2.358 A, so that a = u+/o- = .738 for sodium chloride; oc, = 
3.17 A, uK = 2.926 A and a = 0.923 for potassium chloride. q and are 
calculated by specifying p,( T).21 The dielectric constant appearing in the 
expression of may be put equal to 1, but in a comparison with experimental 
data lower values could be allowed ahd interpreted as a consequence of 
E > 1. We actually report results for various r values, corresponding to 
& = 1 + 1.2. 

The results for So do not reproduce the experimental values obtained 
through (10) e.g. for NaCl at 1073 OK we have cp = 0.068 while SFSM = 
0.026. The agreement cannot be improved with variations in r, since as noted 
above So is largely independent of r in the model. 

The internal energies II are reported in Table I1 and compared with 
experimental or computer simulation data. Energies are underestimated 
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TABLE I 1  

Internal energies for NaCl and KCI, at various temperatures. Values marked with an asterisk 
correspond to c = 1.2. 

-731.5 
- 667.05 - 69 I .9' 1073 3.17 0.375 49.08 

2.801 0.259 46.3' 
NaCl 

(a = 0.738) 3.17 0.364 45.22 -686,0b -716.5 
1164'5 2.736 0.234 43.67' - 665.1 

- 646.3 
- 582.4 -625.5' KCI ,045 3.17 0.367 50.4 

(a  = 0.923) 2.825 0.260 47.11. 

a Lawis and Singer (1975); 
Lantelme er a/. (1974); 
Woodcock and Singer (1971) 

I I 

\ 
\ 
\ 
\ 

FIGURE 5 
volume of NaCI. 

State equations for KCI with two values of uCl and various r. Experimental molar 
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STRUCTURE OF CHARGED HARD-SPHERE FLUIDS 177 

\ 

I I I I I I I 

35 45 5s 65 VH 7 

FIGURE 6 State equation for KCI with two values of ucl and various r. Computer simulation 
results (Woodcock-Singer) for NaCl at 1045. 

though not far from the true value and the agreement improves upon de- 
creasing r. Finally the state equations have been considered and pV iso- 
therms compared in Figure 5 and Figure 6 with available data at two r 
values. The MSM curves are located considerably above the data and the 
molar volume at zero pressure is overestimated. 

Some remarks on the use of crystalline radii should be made at this point. 
There is reason in principle that the model hard-core radii should be smaller 

than crystalline radii, since the latter are fixed so that their sum agrees with 
the lattice constant, i.e. with the minimum of the cohesive energy, whereas 
a value of C T , ~  closer to the zero of the unlike-ion potential would be more 
appropriate for use in a rigid-sphere model such as the present one. Further- 
more, with increasing kinetic energy (the temperature is that of a molten 
salt) the particles test more and more internal regions of the short range 
repulsive part of the crystalline potential. Temperature dependent ionic 
radii could then be considered and their value determined by fitting some 
thermodynamic property. A similar procedure has already been used else- 
where to adjust hard-sphere structure factors for monoatomic liquids t o  
experiments.' 
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Calculations have thus been repeated for the same a values in order to 
preserve at  best the features of the Tosi-Fumi potential, but determining the 
radii so as to fit the calculated So to the measured pc and K,.” This task is 
facilitated and the fitting unique because So is, for a given rr, only a function 
of q, as noted above. The new value of gC, is easily obtained from the 7 which 
corresponds to the fit. 

Table I1 and Figures 5 and 6 show results for the reduced radii: in the range 
of I- values considered the internal energies still agree within f 5 % with the 
experimental results, while there is a definite improvement for the pV iso- 
therms. A proper choice of could also give the correct value for the molar 
volumes at zero pressure in both  NaCl and KCI. Different results for com- 
pressibilities when calculated from pV curves, or through (10) used above 
to fit experimental values, are a consequence of the well known lack of 
thermodynamic consistency of the MSM, recently removed in the framework 
of GMSA (generalized mean spherical approximation)’ for spheres of equal 
diameters. 

FIGURE 7 g J r )  vs. r ‘  = r/o, at 1 = 0.3, l- = 7.2. Labels are x values. 
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IV STRUCTURAL PROPERTIES 

a 

Results for the general behaviour of pair correlation functions relative to 
variations of q, and a are presented in Figures 7,8 and 9, while comparison 
with experimental data for some alkali halides will be made in the second 
part of this section. 

Two packings, i.e. q = 0.3 and q = 0.36 and two = 7.2 and 
= 45.4 are considered with 0 s a I 1 ; similar information at lower can be 

obtained from Figures 13 and 14. 
By comparing Figure 7 and Figure 8 we note that peaks in the g’s and 

oscillations at  large r increase in magnitude when is increased, whereas 
they are much less sensitive to variations in q (cfr. Figures 8 and 9). The same 
is true for the contact value of gI2, which is almost doubled when passing 

Behaviour of pair correlation functions 

values, i.e. 

from r = 7.2 to r = 45.4. 

FIGURE 8 gi,(r) vs. r’ = r /u2 at q = 0.3, = 45.4. Labels are u.  
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180 M. C. ABRAMO. C. CACCAMO, A N D  G .  PlZZIMENTl 

2 ,  1 1  

FIGURE 9 g , , ( r )  vs. r' = r /a ,  at q = 0.36. r = 45.4. Labels are a 

This assigns a major role in determining the structure to the relative 
strength of the interaction more than to packing effects, at least for 0.23 s 
q 5 0.36. The dependence of structural features on a is characterized, at 
high r, by the enhancement of the main peak in g1 and gZ2 and by its shift 
towards low r, when a is lowered. Furthermore there is a rapid damping of 
oscillations of g1 and g1 at large r when a 2 0.3, while gZ2 is still oscillating 
considerably. 

As already noted in 1, when the same discussion was made in terms of 
structure factors, the shape of g1 suggests that there is appreciable order in 
this component beyond the first like coordination shell, as long as we con- 
sider the intermediate or high a region (a > 0.5). When a is further lowered 
there is a rapid loss of order for component 1. 

For some values of the parameters (as indicated in the figures) the pair 
correlation functions for like ions become negative at  small r,  this feature 
being, of course, a direct consequence of the MSM approximation. 
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STRUCTURE OF CHARGED HARD-SPHERE FLUIDS 181 

The general appearance of these results is in agreement with results of 
computer simulation experiments for systems of varying relative sizes of the 
components, such as NaCl,’ KCl? LiC16 and LiL6 In particular, they con- 
firm the shift in the peaks and their narrowing and increasing with decreasing 
a, and the stronger oscillations in the g’s at large r. 

b 

NaC1-Neutron diffraction results have been reported for this salt at 1148 O K  

by Enderby et aL3 and a first comparison with MSM structure factors, 
calculated through (4-6) was made for q, r and a obtained with uc, = 3.17 %, 
(soft core spheres). Here and in the following E = 1. Results are given in 
Figure 10. The agreement, especially in the low q region, is qualitative and 
only gross features of the measured structure factors are reproduced. Results 
seem somehow to improve with increasing q. 

Calculations were repeated for reduced radii, taking ac, E 2.8 %, and the 
same radius-ratio a, as by the fit of the experimental So discussed above in 

Detailed comparison with measured structure factors 

0 2 4 9 6  

FIGURE 10 Sil(q) vs. y with u,-, = 3.17 for NaCl at 1148°K. Full line MSM results, dashed 
line neutron diffraction e~perirnent.~ Bars give experimental uncertainties. 
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0 2 4 6 q 8  

FIGURE 1 I 
line neutron diffraction experiment.' Bars give experimental uncertainties. 

S,,(q) vs. q with uc. = 2.75 for NaCl at 1148°K. Full line MSM results, dashed 

Section 111. The results are gven in Figure 11. There is now almost quanti- 
tative agreement with experiment, except in the high q region where results 
are getting worse especially for S ,  t .  The latter feature is probably a conse- 
quence of the hard-core representation of the interionic potential. 

Not reported in Figures 10 and 11, the height of the peaks decreases with 
decreasing r. 

KC1-comparison is made with neutron diffraction data of Derrien and 
Dupuy' using reduced radii; again the low q region is well reproduced 
(Figure 12). 

It clearly appears from these results that when the q = 0 limit of is'exactly 
reproduced through a reduction in the soft-core radii, as suggested by general 
arguments, substantial improvements occur on a wide range of q values for 
both position and height of main peaks and successive minimum. 

c 

In Table 111 the main features of calculated and experimental pair correlation 
functions for NaCl and KCI are reported, while the full shape of gil(r) ,  as 

Pair correlation functions for NaCl and KCI 
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STRUCTURE OF CHARGED HARD-SPHERE FLUIDS 183 

0 2 L 9 6  

FIGURE 12 
line neutron diffraction.' 

Sij(q) vs. q with u,-, = 2.806 for NaCl at 1073°K. Full line MSM results, dashed 

obtained for NaCl /at 1148 O K  and KCl at 1073 "K, are shown in Figures 
13 and 14 respectively. The reduced radii results (illustrated in these figures) 
are closer to the experiments almost everywhere. However there is some 
underestimate of the coordination number when reduced diameters are used. 
This quantity, defined through the general expression for like and unlike 
neighbours nmb(r)'= 4np, & dr'r'2gag(r'), turns out to be 4.5 + 5 in NaCl 
when a=, = 2.8 A and 5.8 -t 0.1 when ucl = 3.17 A, against an experimental 
value 5.8 f 5.9, and a value of 5.2 according to MC calculations.6 

The pair, function g, 2. is almost insensitive, both in the contact value and in 
its general form, to variations of acI (or of the packing), the cutoff position 
only being varied. Thus, the probability distribution of unlike ions im- 
mediately around a given ion is essentially unaltered, but the available 
volume is drastically reduced when the radii are lowered, thus depressing 
coordination. Although results at very small distance (and correspondingly 
at high q's, as noted above) seem to worsen on decreasing the radii, there is 
an improvement in the model predictions on a larger distance scale, as also 
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FIGURE 13 gi,(r) vs. r' with r' = r/u2 with u2 = 2.75 for NaCl at 1148°K. Full line MSM 
results, dashed line Fourier inversion of neutron diffraction experiments. 

shown by the like-neighbours coordination number (for instance, n - - = 
13.7 in NaCl against the experimental value 13 & 0.5 and the simulation 
result 14.7). 

V CONCLUSIONS 

The MSM for an MX-type fluid of charged hard spheres of different diameters 
has been solved numerically. Results are shown for a wide range of possible 
physical situations and for all values of the radius ratio. A comparison is 
also made with thermodynamics and structural properties of NaCl and KCI 
as deduced from experiment and simulation. From a general point of view 
the model solution allows one to examine how much the structural properties 
are influenced by variations in the radius ratio (see also I) and by the variations 
in the interaction strength or the temperature. 
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I 

FIGURE 14 qi,{r) vs. r’ with r’ = rlu, with u2 = 2.806 for KCI at 1073°K. MSM results 
full line. Dashed line M.C. calculations for KCI at 1045°K. 

More specifically the model predictions based on radius ratios adjusted 
the thermodynamic liquid-state data, provide an initial knowledge of the 
gross features of the structure which could be useful as input for more 
refined theories or for computer experiments. 
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Appendix 

We report here the detailed expressions for the direct correlation functions 
in Fourier transform, in terms of the MSM parameters. By Fourier trans- 
forming Eqs. (1) and (2), we obtain : 

Here 
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